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4 to 8h (depending of objectives) / 2 or 3 people
Level :
Master degree in Engineering
Context :
The performance characteristics of skis are closely linked to their dynamic behaviour.
Excessive vibrations from a ski are a source of discomfort for the user, but above all
they lead to reduced controllability and lower sports performance characteristics.
To reduce vibrations is then essential. The technological solutions adopted by
manufacturers are nearly often based on passive shock absorption achieved using
materials such as polymers that ensure a high level of dissipation.
This practical work proposes to study an active solution to damp the vibrations of a ski.
A piezo actuator, compact and with low energy consumption, is installed with an
accelerometer on the ski. A digital controller controls the system and succeeds in
reducing by a factor of 10 the vibrations.
Educational Objectives :
Needed Material :
1 Educational kit, 1 Oscilloscope, 1 signal generator, 1PC
The 3D assembling drawings can be downloaded on www.cedrat.com
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1. Technological context
The performance characteristics of skis are closely linked to their dynamic
behaviour. Above and beyond the context of "stiffness", what are
primarily sought after are special vibration characteristics which will
facilitate the responsiveness and controllability of the skis by their user.
Depending on whether the ski in question is designed for slaloms,
downhill skiing, or ski jumping, the expected performance characteristics
vary greatly, but are still closely linked to the dynamics of the ski’s
structure.
Excessive vibrations from a ski are a source of discomfort for the user, but
above all they lead to reduced controllability and lower sports
performance characteristics.
From the perspective of use in sports, the weight
and stiffness characteristics define the ski’s
responsiveness. From a structural perspective,
these characteristics define the ski’s natural
frequencies and fundamental modes which may be
observed locally (where the boot is fastened) as a
dynamic rigidity in the frequency field.
These characteristics do not make it possible to
limit and control the amplitude and the duration of
the ski’s vibrations during abrupt, temporary
stresses such as tight turns when slaloming, or the
ski’s loss of contact with the snow when jumping.
Control of these vibrations is mainly determined by the shock absorption. The technological solutions
adopted by manufacturers are nearly always based on passive shock absorption achieved using materials
such as polymers that ensure a high level of dissipation.

The purpose of the tutorial presented is to study
the dynamic behaviour of a ski based on a scale
model, with special attention being devoted to
shock absorption during the initial stage. An
original active vibration control device using a
piezoelectric stack is presented during the second
stage. This device, which makes it possible to
achieve apparent shock absorption which is far
greater than the passive solution, is then studied
and optimised.
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Description of the experimental rig
The rig consists of a structure, a beam, a support, a piezoelectric actuator, and its mounting. Detailed
views of this rig are provided in the following Figure and the general drawing provided in the
appendices.

Accelerometer

Complete system

Piezo Actuator
and mechanical
interfaces
Control of the
actuator and
signal
conditioning

Experimental rig with the control box, casing and controller on the left,
and with the instrumentation structure on the right.
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Accelerometer

2. Work required
In this tutorial, you have to analyse the structure in terms of the vibration behaviour. Initially, you will
propose an analytical model and a digital model (finite elements) of the structure. These two models
will have to make it possible to predict the frequencies and the fundamental modes of the structure with
an increasing degree of accuracy.
During the second stage, you will characterise the structure from an experimental perspective in terms
of free vibrations and then forced vibrations. This characterisation will make it possible to obtain the
true values of the natural frequencies. Moreover, this experimental study will make it possible to assign
shock absorption values to the modes studied; these values are difficult to obtain through measurements.
Q1. Draw an overview diagram of the experimental rig (the mechanical part and the electronic
instrumentation).
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2.1. Analytical modelling of the dynamic system
The objective of this part is to put together an analytical model based on the beams theory adopting the
Euler-Bernoulli hypothesis in order to determine the natural frequencies and the specific deformations
of the bar.
Q2. Using Appendix 2, demonstrate that the specific pulses adopt the following shape:
where λ =

4

ρ.S.ω 2
E.I

Q3. Resolve and carry out the digital application. (You will be able to discuss the relevance of
the digital values to be adopted beforehand, and particularly the one for the beam’s length.)
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2.2. Finite element modelling of the dynamic system
The objective of this part is to put together a “continuum mechanics” model of the structure. To do this,
the starting point is a 3D representation of the rig. The structure is relatively complex, and consists of
numerous parts: the supports, the beam, the actuator, the accelerometer sensor, etc.
Q4. During the initial stage, you must conduct a qualitative analysis of the rig and propose
simplifications so that an analysis may be carried out that does not take up too much
calculation time. Specify the hypotheses that this involves.

Q5. Propose a modelling for the structure in the Catia V5 structures simulation workshop.
Specify your choices of conditions regarding limits and loading. Also, specify the mesh size
that you have used.

Q6. Calculate the deformations and the natural frequencies for the first 4 modes. Compare
these results to the analytical results. What are the differing hypotheses for these two
approaches?

.
Q7. Present a brief analysis of convergence on the frequency in relation to the mesh size. Adopt
the overall size as an indicator.
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2.3. Observation and measurements in terms of free oscillations
Q8. Based on an experimental reading relating to free oscillations, determine the beam’s first
natural frequency as well as its shock absorption. (It will be possible to determine the
frequency based on the average period observed from over 10 oscillations. The shock
absorption rate can be obtained using the logarithmic decrement method on over 10
periods).
Discuss:
- The linearity of the system,
- The uncertainty of the magnitudes observed and quantified.
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2.4. Observation and measurements in terms of forced oscillations
Q9. Using the signals generator (GBF), determine the forced response of the system under
sinusoidal conditions, with a supply voltage of 0.5V for the piezoelectric stack. Determine
the system’s first 3 resonance frequencies.

Q10. The experimental study will be conducted based on the first bending mode. From this,
deduce the shock absorption rate using the bandwidth method. Compare this result with the
shock absorption obtained previously and discuss it.
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2.5. Observation and measurements subject to random excitation
Q11. Based on random excitation produced by a signals generator and applied to the
piezoelectric stack, represent the spectrum of the accelerometer signal or Frequency
Response Function H1 between the excitation (signal emitted) and the response
(acceleration). From this, deduce the system’s first 3 natural frequencies. Provide
comments.

Summary of the results obtained
Q12.

Cedrat - Supmeca

Propose a summary table of the results obtained at this stage. Provide comments.

13

2011

2.6. Recalibrating the analytical model
Q13. With a view to improving prediction of the system’s dynamic behaviour, propose and
discuss a recalibration method (choose one or more recalibration parameters). Carry out
the digital application of the method adopted. What may be said about shock absorption in
the beam model proposed?

Recalibrating the finite element model
In order to improve the representativeness of the finite element model, we opt to take the stack and its
mounting into account in the model.
Q14.
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Q15.

Carry out a frequencies calculation in this configuration. Provide comments.

Free oscillations simulation

Random excitation simulation
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3. Experimental study of active control in terms of free oscillations
Q16. By using the vibrations active control module and relying on Appendix 3, carry out the
various adjustments whilst studying the influence of the parameters P, I and D. What is the
parameter that is most influential for the active control of vibrations for a maximum
apparent shock absorption? Justify your answer.
Q17. What are the parametric configurations which lead to an unstable system? Justify your
answer. This part is to be completed with the teacher present.

Q18. Determine an optimal configuration for vibration control for the structure’s first
fundamental mode. Discuss and quantify the performance values obtained for several
different controller configurations (3 to 7 of them).
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4. Discussions
Q19. Propose a method and an action plan for reusing this
work on a reduced scale for the design of a full-sized ski:
Structures calculation, actuator selection, implementing the
controller.
Q20. What is the nature, and the possible origins, of the
shock-absorption non-linearities?
Q21. What are the limits and the technological constraints of
the controller proposed?
Q22. In your opinion, what other fields could this model
possibly be applied to?
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APPENDIX 1: Drawing of the experimental rig
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APPENDIX 2: Euler-Bernoulli beams theory
Beams’ fundamental modes
The model for a Euler-Bernoulli beam.

A

v

T

B

M+

dx

M

ρ.S.dx

∂v
∂t 2
2

T+

∂M
dx
∂x

∂T
dx
∂x

Shearing forces (projected on Oy) lead to:
∂T
∂2v
∂T 
∂2v

= ρ.S 2
−T + T +
dx  = ρ.S.dx 2 or:
∂x
∂t
∂x 
∂t

The moments (expressed in the right-hand part of the elementary volume), lead to:
∂M 
∂M

(rotational inertia is ignored)
−T .dx − M +  M +
dx  = 0 or T =
∂x
∂x


Moreover the SOM (Strength Of Materials) provides us with the expression of the bending moment:
∂2v
M = −E.I. 2 (where E is Young’s modulus and I is the straight section’s bending quadratic inertia
∂x
moment)
A beam’s dynamics are therefore described by:
∂ 4v
∂2v
E.I. 4 + ρ.S. 2 = 0 (in the case of the beam being excited in terms of a force, the second member is
∂x
∂t
not nil)
Which, using the Fourier transform, leads to:
∂ 4Vˆ
ρ.S ˆ
− ω2
V =0
4
∂x
E.I
For which the general solution is the following form:
where: λ =
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The conditions at the beam’s limits enable the general form of the solution to be restricted:
Support and fixed base (bending = 0)
Fixed base (slope = 0)

Free and support (moment = 0)

Free (shearing force = 0)

In the case of a cantilever beam (fixed - free) the solutions are defined by:
For which the solutions are:

For modes of a higher order, the solution may be approximated:

λk L = ( k + 12 ) π

The deformation takes the following form:
Where:
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APPENDIX 3: PID controllers (source: Wikipedia)
General principle
The error observed is the difference between the setpoint and the measurement. The PID unit
enables 3 actions depending on this error:
•
•
•

A Proportional action: The error is multiplied by a gain G
An Integral action: The error is integrated over an interval of time s, and then divided by a gain
Ti
A Derived action: The error is derived according to a time s, and then is multiplied by a gain Td

There are several possible architectures for combining the 3 effects (series, parallel or mixed).
What is shown here is a parallel architecture:

Process
Transfer
Function
Setpoint

Error

Command

Measurement

PID corrector

The transfer function with the parallel PID controller’s Laplace transform is the sum of the 3
actions:
;
The various parameters to be found are G, Td and Ti for controlling the process, which has H(s)
as the transfer function. There are numerous methods for finding these parameters. This
parameter finding is commonly called synthesis. The experimental procedure for calculating
these parameters is also called the parameter identification procedure.
The transfer function of the ideal PID controller cannot be achieved because the order of the
numerator is higher than the order of the denominator. In real life, an alpha parameter is always
added to the derived action so that an order of 2 is obtained for the numerator and the
denominator:
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where α < <

1 You then obtain a new transfer function that can be implemented:

Nevertheless, in order to limit the harmful effects of measurement signal noise on command
signal u, you moderate the effect of the derived action in industrial controllers by generally
. .
adopting the following alpha value:
Tuning a PID unit
Tuning a PID unit consists of determining the coefficients G, Td and Ti in order to obtain an
appropriate response from the process and the control. The objective is to be robust, rapid and
accurate. To achieve this, you need to limit any overshoots.
•

•
•

Robustness is undoubtedly the most important parameter, and also the trickiest one. A system is
said to be robust if the control always functions, even if the model changes slightly. For
example, the transfer functions for certain processes can vary depending on the room
temperature or the room’s humidity level in relation to Pascal’s law. A controller must be
capable of carrying out its task even with these changes in order to adapt itself to
unforeseen/untested uses (production deviation, mechanical ageing, extreme environments,
etc.).
The controller’s speed depends on the rise time and the steady state rise time.
The accuracy criterion is based on the static error (or steady state error).

The standard response of a stable process is as follows:

Overshoot
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Setpoint
Rise time
Steady state rise time

Static error

The PID unit parameters influence the system’s response in the following way:
•
•

•

G: When G increases, the rise time is shorter, but there is a greater overshoot. The rise time
varies little and the static error is improved.
Ti: When 1/Ti increases, the rise time is shorter, but there is a greater overshoot. The steady
state rise time is longer but in this case you ensure that the static error is nil. Therefore the
higher this parameter is, the slower the system’s response is.
Td: When Td increases, the rise time changes little but the overshoot decreases. The steady state
rise time is better. There is no influence on the static error. If this parameter is too high initially,
it stabilises the system by slowing it down too much, but during the second stage, the controller
over-anticipates and a high dead-time system quickly becomes unstable.

For these three parameters, the effect of adjustment above and beyond a threshold that is too
high is to give rise to increasingly large oscillations in the system that lead to instability.
Analysis of the system with a PID is very simple, but its design can be tricky and even difficult,
because there is no one method for resolving this problem. You have to find compromises;
there is no such thing as an ideal controller. Generally, you set the specifications to be
complied with in terms of robustness, overshoots, and the steady state rise time.
The most commonly used adjustment methods in theory are the Ziegler-Nichols method, the
Naslin polynomial method (normal polynomials for adjustable shock absorption), and the
inverse Nyquist locus method (which uses the Nyquist diagram).
In practice, professionals use either identification via the Broïda model for stable systems, the
integrator delay model for unstable systems, or the successive approximations method, which
responds to a rigorous procedure: first you set the action P by itself in order to have an
overshoot of 10 to 15%, and then the derived action in such a way as to optimally "smooth" the
previous overshoot, and lastly you adjust the integral action if necessary by setting a final
overshoot that is between 5 and 10%.
In approximately 15% of the cases, the performance characteristics of a PID may become
inadequate due to the presence of an excessively large delay in the process model, in which
case you use other tuning algorithms (in particular, a PIR controller, an internal model
controller, or a state feedback controller).
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